By using the lower and upper solution method, the existence of an iterative solution for a class of fractional periodic boundary value problems,
Introduction
Differential equations of fractional order have played a significant role in engineering, science, and pure and applied mathematics in recent years. Some researchers paid attention to the existence results of the solution of the periodic boundary value problem for fractional differential equations, such as [-] . Some recent contributions to the theory of fractional differential equations initial value problems can be found in [, ] .
In [] , by using the fixed point theorem of Schaeffer and the Banach contraction principle, Belmekki et al. obtained the Green's function and gave some existence results for the nonlinear fractional periodic problem 
by using the monotone iterative method. In this result, the bounded demand of f in [] and the monotone demand of f in [] were removed. However, the application of Lemma . in the proof of Theorem . was not correct, due to
In other words, the definition of operator A may be not appropriate. Consequently, while the uniqueness result was correct, the existence of an extremal result was maybe wrong. In [], Wei and Dong studied the existence of solutions of the following periodic boundary value problem: In this paper, we will focus our attention on the following problem:
is the Riemann-Liouville fractional derivative,  < α < . The existence of the solution is obtained by the use of the upper and lower solution method which has been used by authors to deal with the fractional initial value problems [] .
The remainder of this paper is as follows. In Section , we recall some notions and the theory of the fractional calculus. Section  is devoted to the study of the existence of a solution utilizing the method of upper and lower solutions. The existence of extremal solutions is given. An example is given to illustrate the main result.
Preliminaries
Given  ≤ a < b < +∞ and r > , define
Clearly, C r [a, b] is a linear space with the normal multiplication and addition.
Lemma . The linear periodic problem
where λ ≥  is a constant and q ∈ L(, h), has the following integral representation of the solution:
Proof According to [] , for every initial condition
Specially, choose u  as
then u(t) satisfies the periodic boundary condition (.). That is to say that the linear periodic problem (.), (.) has the following integral representation of the solution:
The proof is complete. 
Lemma . ([]) Suppose that E is an ordered Banach space, x
 , y  ∈ E, x  ≤ y  , D = [x  , y  ], T : D → Ex n = Tx n- , y n = Ty n- , n = , , , . . . , then x  ≤ x  ≤ x  ≤ · · · ≤ x n ≤ · · · ≤ y n ≤ · · · ≤ y  ≤ y  ≤ y  , x n → x * , y n → y * . Definition . A function v(t) ∈ C -α [, h] is called a lower solution of problem (.), (.), if it satisfies D α + v(t) ≤ f t, v(t) , t ∈ (, h), (.) lim t→ + t -α v(t) ≤ h -α v(h). (.) Definition . A function w(t) ∈ C -α [, h] is called an upper solution of problem (.), (.), if it satisfies D α + w(t) ≥ f t, w(t) , t ∈ (, h), (.) lim t→ + t -α w(t) ≥ h -α w(h). (.)
The main results
The following assumptions will be used in this section:
Theorem . Suppose (S) holds. Then u solves problem (.), (.) if and only if it is a fixed point of the operator T
where λ ≥  is a constant.
Proof First of all, we show that the operator T λ is well defined. Clearly
On the other hand, under the condition (S), we have
.
That is to say that
The above inequalities and the assumption  < r  ≤  < r  < /( -α) imply that
Combining with the fact that
The above arguments combined with Lemma . imply that the fixed point of the operator T λ solves the periodic boundary value problem (.), (.), and vice versa. The proof is complete.
In the following, we consider the compactness of the set of the space C r [, h] .
bounded set of C r [, h] if and only if E is a bounded set of C [, h] . Therefore, to prove that F ⊂ C r [, h] is a compact set, it is enough to prove that E ⊂ C[, h] is a bounded and equicontinuous set.
Theorem . Suppose (S) holds. Then the operator T
, with the definition of T λ , the condition (S), and Lemma ., one has
That is to say that T λ is continuous. 
By the use of Theorem . and Lemma ., one has 
